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• Reconciliation spaces of phylogenetic trees are important in evolutionary biology.
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• We show that it is a geometric median relative to edit-distance.
• We explain how the geometric median can be computed in polynomial time.
• The geometric median gives a new way to find a consensus reconciliation for a set.
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Abstract
In evolutionary biology, it is common to study how various entities evolve together, for example, how
parasites coevolve with their host, or genes with their species. Coevolution is commonly modelled by
considering certain maps or reconciliations from one evolutionary tree P to another H, all of which induce
the same map φ between the leaf-sets of P and H (corresponding to present-day associations). Recently,
there has been much interest in studying spaces of reconciliations, which arise by deﬁning some metric d on
the set R(P,H, φ) of all possible reconciliations between P and H.
In this paper, we study the following question: How do we compute a geometric median for a given subset
Ψ of R(P,H, φ) relative to d, i.e. an element ψmed ∈ R(P,H, φ) such that
∑
ψ′∈Ψ
d(ψmed, ψ
′) ≤
∑
ψ′∈Ψ
d(ψ, ψ′)
holds for all ψ ∈ R(P,H, φ)? For a model where so-called host-switches or transfers are not allowed, and for
a commonly used metric d called the edit-distance, we show that it is possible to compute a geometric median
for a set Ψ in R(P,H, φ) in polynomial time. We expect that this result could open up new directions for
computing a consensus for a set of reconciliations.
Keywords: Reconciliation, Geometric median, Reconciliation space, Edit-distance, Consensus
reconciliation
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1. Introduction
In phylogenetics, the reconciliation problem in-
volves trying to ﬁnd a map that reconciles one leaf-
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labelled evolutionary tree with another [12]. It has
important applications in areas such as ecology and
genomics, and arises in various situations. For ex-
ample, biologists are interested in understanding
how parasite and host species [7], genes and species
[8], or species and habitats coevolve [13] (in what
follows we shall use terminology for host-parasite
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relationships to keep things concrete).
More formally, a phylogenetic tree T is a rooted,
binary tree (i.e. every vertex of T that is not the
root or a leaf has indegree 1 and outdegree 2), which
has root vertex ρT (with indegree 0 and outdegree
2). Given a host-parasite triple (P,H, φ), that is,
two phylogenetic trees P and H (the parasite and
the host tree, respectively), whose leaf-sets repre-
sent present-day species, and a map φ : L(P ) →
L(H) between their leaf-sets (describing which par-
asite is currently on which host), a reconciliation
map is a map ψ : V (P ) → V (H) between their
vertex sets which satisﬁes:
(i) The map ψ restricted to L(P ) equals φ.
(ii) If v is a vertex in the interior of P , then ψ(v) is
either strictly above or equal to ψ(v′), for any
child v′ of v.
We present an example of such a map in Figure 1.
Note that various deﬁnitions have been proposed for
reconciliation maps (see e.g. [8]). These model evo-
lutionary processes including cospeciation (a host
and parasite speciate together), duplication (a par-
asite speciates on a host), loss (a host speciates but
not its parasite) and host-switches (e.g. a parasite
switches to another host). In this paper, we are
using the deﬁnition for a reconciliation map pre-
sented in [7, 14], with the added assumption that
we do not allow host-switches.
In general, several algorithms have been devel-
oped to compute optimal and suboptimal reconcili-
ations for a pair of trees relative to some predeﬁned
cost-function (cf. e.g. [8, 9]). When host-switches
are not allowed (as in this paper), collections of
Figure 1: An example of a reconciliation map. Note that φ
is given by φ(a) = A, . . . , φ(e) = E.
suboptimal reconciliations can contain thousands
of elements [9], and for more complex models (e.g.
where host-switches are permitted), this can be the
case even for collections of optimal reconciliations
[7]. It is thus quite natural to consider properties of
the set of all possible reconciliations endowed with
some metric which also permits their comparison.
These so-called reconciliation spaces are of growing
importance in the literature [1, 3, 9, 10, 15] and
permit quantitative analysis of the behavior of rec-
onciliation maps.
In this paper, we are interested in the problem
of computing geometric medians in reconciliation
spaces. In general, for Y a ﬁnite set endowed with
a metric D, and Y ′ ⊆ Y , an element y∗ ∈ Y is a
geometric median for Y ′ in Y if
∑
y′∈Y ′
D(y∗, y′) = min{
∑
y′∈Y ′
D(y, y′) : y ∈ Y }.
Such elements are useful as they can act as an el-
ement which summarizes or forms a consensus for
the set Y ′. Within computational biology, geomet-
ric medians (and the closely related concept of cen-
troids) have been used in phylogenetics to form a
consensus tree for a set of phylogenetic trees [2],
and in RNA secondary structure prediction to de-
rive a consensus structure for a set of suboptimal
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RNA structures [6]. We therefore expect that being
able to compute geometric medians in reconciliation
spaces should be a useful addition to the theory of
reconciliations (e.g. for computing a consensus of a
collection of reconciliations).
We now summarize the contents of the rest of
the paper. In the next section we present some
preliminary deﬁnitions and results. This includes
the deﬁnition of the edit-distance, a metric on the
set R(P,H, φ) of all reconciliation maps for a host-
parasite triple (P,H, φ). Variants of this distance
have been previously used to quantitatively anal-
yse collections of reconciliations (cf. e.g. [9]). In
Section 3, we present some basic observations con-
cerning medians, which we then use in Section 4 to
deﬁne the concept of a median reconciliation for a
subset Ψ of R(P,H, φ) (Theorem 2). In Section 5,
we then show that a median reconciliation is in fact
a geometric median for Ψ in R(P,H, φ) relative to
the edit-distance (Theorem 4). We also explain how
to compute a geometric median in polynomial time,
even though it should be noted that R(P,H, φ) can
be exponential in size (see e.g. [7, p.2]). We con-
clude in Section 6, with a brief discussion of some
potential future directions.
2. Preliminaries
For a phylogenetic tree T , denote the set of in-
terior vertices of T by V o(T ) = V (T ) − L(T ), and
the root by ρT . If v ∈ V o(T ), we let Ch(v) denote
the set of children of v, and if v ∈ V (T )−{ρT }, we
let par(v) denote the parent of v in T .
We denote by T the partial order of V (T ) given
by T . In case the context is clear, we just use .
Also, we say for vertices x, y ∈ V (T ) with x  y
that y is below x and that x is above y. Furthermore,
we say that y is strictly below x if y is below x and
x = y and that x is strictly above y if x is above
y and x = y. In that case, we also put x  y.
If L is a subset of L(T ) of size at least two, we let
lcaT (L) = lca(L) denote the least common ancestor
of the set L, that is, the lowest vertex in T which
is above every element of L (with respect to the
ordering T ). If |L| = 1, then we set lcaT (L) = x
where x is the unique element in L.
Now, let (P,H, φ) be a host-parasite triple. For
v ∈ V (P ), we let
m(v) = lcaH({φ(x) : x ∈ L(P ) and v P x}).
We also let A(v) be the subset of V (H) given by
A(v) = {u ∈ V (H) : ρH  u  m(v)}.
We now make some observations (cf. also [9]) –
we prove only (R2) as the rest are straight-forward
to check:
(R0) If v ∈ V o(P ) and v′ ∈ Ch(v), then m(v) 
m(v′) and A(v) ⊆ A(v′).
(R1) If ψ ∈ R(P,H, φ), x ∈ L(P ), v ∈ V (P ) and
v  x, then ψ(v)  ψ(x) = φ(x).
(R2) If ψ ∈ R(P,H, φ), then for all v ∈ V (P ) we
have ψ(v) ∈ A(v).
Proof. If v ∈ L(P ) then the statement clearly
holds. Suppose now there exist some v ∈ V o(P ),
but ψ(v) ∈ A(v). Since m(v) ∈ A(v), it suﬃces to
consider the following two cases:
(i) m(v)  ψ(v). Note that by (R1), ψ(v)  φ(x)
for every x ∈ L(P ) below v. Hence, ψ(v) 
lcaH({φ(x) : x ∈ L(P ) and v P x}) = m(v),
which is impossible.
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(ii) m(v) and ψ(v) are not comparable via H .
Suppose x ∈ L(P ) is below v in P . By (R1),
ψ(v)  φ(x). But then φ(x) is not below m(v)
in H. This contradicts the deﬁnition of m(v).
(R3) By (R2), it follows that if ψ, ψ′ ∈ R(P,H, φ),
then for all v ∈ V (P ), the vertices ψ(v) and
ψ′(v) are comparable in H with respect to the
ordering H . In particular, it also follows that
if {ψ1, . . . , ψl} ⊆ R(P,H, φ), l ≥ 1, then for
all v ∈ V (P ), the ordering H induces a linear
ordering on the set {ψ1(v), . . . , ψl(v)}.
To compute a geometric median for some sub-
set of R(P,H, φ), we need to deﬁne a metric on
R(P,H, φ). In this paper, we focus on the edit-
distance, dedit, since edit-distances are commonly
used to compare reconciliations (see e.g. [9]).
The distance dedit is deﬁned as follows. Given
ψ ∈ R(P,H, φ) and w ∈ V o(P ) with ψ(w) = ρH
and ψ(w) = ψ(par(w)) if w = ρP , we deﬁne a
map ψupw from V (P ) to V (H) by setting ψ
up
w (v) =
par(ψ(v)) if v = w and ψupw (v) = ψ(v) if v ∈
V (P ) − {w}. Moreover, given ψ ∈ R(P,H, φ) and
w ∈ V o(P ) with ψ(w)  m(w) and ψ(w) = ψ(v′)
for all v′ ∈ Ch(w), we deﬁne a map ψdownw from
V (P ) to V (H) by setting ψdownw (v) to be the (only)
vertex in the set A(w) ∩ Ch(ψ(w)) if v = w, and
ψdownw (v) = ψ(v) if v ∈ V (P ) − {w}. Now, given
ψ, ψ′ ∈ R(P,H, φ), we deﬁne dedit(ψ, ψ′) to be the
smallest number of up/down operations required to
change ψ into ψ′. Note that this deﬁnition is closely
related to the edit-distance deﬁned in [9].
To prove our results concerning geometric medi-
ans, we will use an alternative description of the
edit-distance which we now present. If v, w ∈
V (H), we let dH(v, w) be the length of the (undi-
rected) path in H between v and w. Now, given
ψ, ψ′ ∈ R(P,H, φ), we deﬁne the path-distance be-
tween ψ and ψ′ by
dpath(ψ, ψ
′) =
∑
v∈V (P )
dH(ψ(v), ψ
′(v)).
It is easy to check that dpath is a metric on
R(P,H, φ) (i.e. dpath(ψ,ψ′) = 0 precisely when
ψ = ψ′, it is symmetric meaning dpath(ψ,ψ′) =
dpath(ψ
′, ψ), and it also satisﬁes the triangle in-
equality meaning dpath(ψ,ψ
′′) ≤ dpath(ψ, ψ′) +
dpath(ψ
′, ψ′′), for all ψ, ψ′, ψ′′ ∈ R(P,H, φ)). We
shall use the following result which is technically
equivalent to [9, Theorem 2].
Theorem 1. For all ψ, ψ′ ∈ R(P,H, φ),
dedit(ψ, ψ
′) = dpath(ψ, ψ′). In particular, since
dpath is a metric on R(P,H, φ), so is dedit.
The proof for this theorem is very similar to that
of [9, Theorem 2] – we include it in the Appendix
for the sake of completeness.
3. Medians
Before moving on to computing geometric medi-
ans for reconciliations, we ﬁrst collect together some
basic observations concerning medians.
Given a multiset A of real numbers, we let
med(A) denote the median of A. This is a real
number, and is the “middle” number of the set A
when the elements are arranged in order of magni-
tude. If the cardinality of A is even, the median
is taken to be the real number that is half-way be-
tween the two middlemost numbers.
Given a real number r, we now let [r] denote
the nearest integer to r in case there is only one,
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and to be the largest integer that is nearest to r
in case there are two nearest integers to r. For
example, if r = 0.5 then [r] = max{0, 1} = 1,
if r = 0.2 then [r] = 0, and if r = 0.7 then
[r] = 1. Given a multiset A of m ≥ 1 integers,
we deﬁne zmed(A) to be [med(A)]. For exam-
ple, if A = {1, 1, 2, 3, 4} then zmed(A) = 2, and
if A = {1, 1, 2, 3, 4, 5} then zmed(A) = 3. Note
that if A = {n1, n2, . . . , nm}, then we also denote
med(A) and zmed(A) by med(n1, n2, . . . , nm) and
zmed(n1, n2, . . . , nm), respectively. Also, if m is
odd, then zmed(A) = med(A).
We now list some useful facts concerning the
above deﬁnitions.
(M0) Suppose that A is a multiset of real numbers.
If f : R → R≥0 is the function given by setting
f(r) =
∑
a∈A
|a− r|
for r ∈ R, then f(med(A)) ≤ f(r) for all r ∈ R.
Proof. This is a well-known fact concerning me-
dians. Essentially it holds because, when r moves
away frommed(A), then r moves away from at least
as many elements of A as it approaches. Hence, f
attains its minimum over all r ∈ R at med(A).
(M1) Suppose that A,B are two multisets of in-
tegers both containing m ≥ 1 elements. Sup-
pose that there exists an ordering a1, a2, . . . , am of
the elements of A and an ordering b1, b2, . . . , bm
of the elements of B such that ai ≥ bi for all
1 ≤ i ≤ m. Then med(A) ≥ med(B) and
zmed(A) ≥ zmed(B).
Proof. If med(A) ≥ med(B), then clearly
zmed(A) ≥ zmed(B).
To see that med(A) ≥ med(B), we consider the
case where m is odd; the proof for m even is simi-
lar. Let ai1 , ai2 , . . . , aim be an ordering of the ele-
ments of A such that ai1 ≤ ai2 ≤ · · · ≤ aim . Then,
med(A) = aim+1
2
and, by assumption, at most
m+1
2 − 1 elements in B (namely, bim+1
2
+1
, . . . , bim)
can be greater than med(A), since if 1 ≤ j ≤ m+12 ,
then bij ≤ aij ≤ med(A). Hence, med(B) =
bim+1
2
≤ aim+1
2
= med(A).
(M2) Suppose that A is a multiset of integers,
and f is the function deﬁned in (M0). Then
f(zmed(A)) = f(med(A)), and so f(zmed(A)) ≤
f(r) for all r ∈ R.
Proof. If A has an odd number of elements, we are
done in view of (M0) since zmed(A) = med(A).
Suppose A is even with cardinality m. If
zmed(A) = med(A) then we are done again in
view of (M0). Assume now that zmed(A) =
med(A). Then zmed(A) is of the form [r] where
r = med(A) := z
′
2 for some z
′ ∈ Z. Therefore, there
exist two nearest integers z1, z2 to r that are both
at distance 12 from r. Assume without loss of gen-
erality that z1 > z2, so that z1 = r+
1
2 , z2 = r− 12 .
Then z1 = zmed(A). But then for the function f
in (M0), we clearly have f(r′) = f(med(A)) for all
r′ ∈ [z2, z1]. Statement (M2) now follows immedi-
ately.
4. Median reconciliations
In this section, we deﬁne a special type of rec-
onciliation ψmed = ψ
Ψ
med that can be associated to
any subset Ψ of R(P,H, φ). In the next section,
we prove that this is in actual fact a geometric me-
dian in the space R(P,H, φ) endowed with the edit-
distance.
Suppose Ψ = {ψ1, . . . , ψl} ⊆ R(P,H, φ), l ≥ 1.
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If v ∈ V (P ), then for 1 ≤ i ≤ l, we let
ni = dH(m(v), ψi(v)).
We now deﬁne the map ψmed = ψ
Ψ
med from
V (P ) to V (H) by taking, for v ∈ V (P ), ψmed(v)
to be an element w ∈ A(v) ⊆ V (H) such that
dH(m(v), w) = zmed(n1, n2, . . . , nl), for v ∈ V (P ).
Note that such a w exists as ψi(v) ∈ A(v) for all
1 ≤ i ≤ l by (R2), zmed(n1, n2, . . . , nl) is an inte-
ger, and zmed(n1, n2, . . . , nl) ≤ dH(ρH ,m(v)). We
now show that ψmed is a reconciliation.
Theorem 2. ψmed ∈ R(P,H, φ).
Proof. First note that ψmed restricted to L(P ) is
clearly equal to φ.
Suppose now that v ∈ V o(P ) and that v′ ∈
Ch(v). We need to show that ψmed(v)  ψmed(v′).
First note that since ψi(v) ∈ A(v) for all
1 ≤ i ≤ l, Property (R0) implies that
{ψ1(v), . . . , ψl(v), ψ1(v′), . . . , ψl(v′)} is a subset of
A(v′). Moreover, ψi(v)  ψi(v′) for all 1 ≤ i ≤ l as
each ψi is a reconciliation.
Now, let ni = dH(m(v), ψi(v)) and n
′
i =
dH(m(v
′), ψi(v′)) for all 1 ≤ i ≤ l. Note that, by
deﬁnition, ψmed(v) is equal to some w ∈ A(v) ⊆
A(v′) such that dH(m(v), w) = zmed(n1, . . . , nl),
and ψmed(v
′) is equal to some w′ ∈ A(v′) such
that dH(m(v
′), w′) = zmed(n′1, . . . , n
′
l). For each
1 ≤ i ≤ l, let
pi = ni + dH(m(v),m(v
′))
= dH(ψi(v),m(v)) + dH(m(v),m(v
′))
= dH(ψi(v),m(v
′))
where the last equality holds in view of (R0).
Hence, dH(m(v
′), w) = zmed(p1, . . . , pl). More-
over, since ψi(v)  ψi(v′)  m(v′) for all 1 ≤ i ≤ l,
it follows that pi ≥ n′i. By deﬁnition and (M1),
it follows that dH(m(v
′), w) = zmed(p1, . . . , pl) ≥
zmed(n′1, . . . , n
′
l) = dH(m(v
′), w′). Hence,
ψmed(v)  ψmed(v′), as required.
Remark: Using similar arguments, we can also
deﬁne a “minimum reconciliation” for the set Ψ
as follows. Let ψmin = ψ
Ψ
min : V (P ) → V (H)
be given by taking ψmin(v) to be a lowest ele-
ment in {ψ1(v), . . . , ψl(v)} for v ∈ V (P ). Note
that ψmin is well-deﬁned by (R3). Moreover,
ψmin ∈ R(P,H, φ): Indeed, ψmin restricted to
L(P ) is clearly equal to φ. Moreover, if v ∈ V o(P ),
v′ ∈ Ch(v), then for i, j ∈ {1, . . . , l} such that
ψmin(v) = ψi(v) and ψmin(v
′) = ψj(v′), we have
ψmin(v
′) = ψj(v′)  ψi(v′)  ψi(v) = ψmin(v).
A similar approach can be used to deﬁne
a“maximum reconciliation” for Ψ.
5. Geometric medians
In this section, we show that for a subset Ψ of
R(P,H, φ) endowed with the edit-distance, the rec-
onciliation ψΨmed is a geometric median for Ψ. This
will follow immediately from the following observa-
tion concerning phylogenetic trees.
Observation 3. Suppose that T is a phylogenetic
tree and that W = {w1, . . . , wl} ⊆ V (T ), l ≥ 1,
is a subset of the set of vertices of some path γ
in T between ρT and some vertex s ∈ V (T ). Let
qi = dT (wi, s), 1 ≤ i ≤ l, and let u be a vertex in γ
such that dT (u, s) = zmed(q1, . . . , ql). Then for all
v′ ∈ V (T ),
∑
w∈W
dT (v
′, w) ≥
∑
w∈W
dT (u,w). (1)
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Proof. Let v′ ∈ V (T ). First, suppose that v′ is a
vertex in a path in T between ρT and some leaf of
T that contains γ as a subpath.
Let A = {q1, . . . , ql}, α = dT (u, s) and β =
dT (s, v
′) if v′ is above or equal to s in T and
β = −dT (s, v′) if v is below s in T . Then, for the
function f in (M0), we have f(β) ≥ f(zmed(A)) in
view of (M2). Hence,
∑l
i=1 |β−qi| ≥
∑l
i=1 |α−qi|,
from which the theorem follows.
Suppose now that v′ is not of the above form.
Then there must exist some vertex t in the path
γ such that t  v′. Using the same argument as
above for t instead of for v′, it follows that
∑
w∈W
dT (v
′, w) =
∑
w∈W
(dT (w, t) + dT (t, v
′))
=
∑
w∈W
dT (w, t) + |W |dT (t, v′)
≥
∑
w∈W
dT (u,w) + |W |dT (t, v′)
≥
∑
w∈W
dT (u,w).
Theorem 4. Suppose that Ψ = {ψ1, . . . , ψl} ⊆
R(P,H, φ), l ≥ 1. Then ψΨmed is a geometric me-
dian for Ψ in the space R(P,H, φ) endowed with
the metric dedit(= dpath).
Proof. Suppose that ψ ∈ R(P,H, φ). Then by
(R2), for v ∈ V (P ), taking wi = ψi(v), u =
ψmed(v), s = m(v) and v
′ = ψ(v) in Observation 3,
we obtain
m∑
i=1
dpath(ψmed, ψi) =
l∑
i=1
∑
v∈V (P )
dH(ψmed(v), ψi(v))
≤
l∑
i=1
∑
v∈V (P )
dH(ψ(v), ψi(v))
=
l∑
i=1
dpath(ψ, ψi).
Note that as a consequence of our results, a ge-
ometric median ψmed can be computed for a set
Ψ ⊆ R(P,H, φ) in polynomial time. More specif-
ically, the set of vertices m(v), v ∈ V (P ), can
be computed in a bottom-up fashion in O(|L(P )|)
time (see e.g. [8, p.393] for references concern-
ing the computation of the so-called LCA map-
ping). Moreover, all of the distances dH(u,w) be-
tween any pair of vertices u, v ∈ V (H) can be com-
puted in O(|V (H)|2) time, from which the distances
dH(m(v), ψ(v)), v ∈ V (P ), ψ ∈ Ψ can be derived.
Finally, for each m(v), v ∈ V (P ), the median of
the multiset of integers dH(m(v), ψ(v)), ψ ∈ Ψ, and
hence ψmed(v) can be computed in O(|Ψ|) time us-
ing, for example, a selection algorithm [5, Chapter
9.3].
6. Discussion
In this paper, we have described how to ﬁnd a
geometric median for a set of reconciliations within
the space of all reconciliations endowed with the
path-distance (or, equivalently, the edit-distance).
It would be of interest to understand properties of
a geometric median. For example, reconciliations
are usually assigned some cost (see e.g. [9]), and it
could be interesting to understand how the cost of
the geometric median of a set of reconciliations is
related to the costs of each of the reconciliations in
the set. Also, we have focused on the edit-distance.
However, it should be possible to deﬁne alternative
metrics on collections of reconciliations, and to po-
tentially derive geometric medians relative to these
metrics.
In another direction, as stated in the introduc-
tion, we considered one of the simplest models for
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reconciling trees. There are more complex models
which allow the inclusion of additional evolution-
ary processes (such as host-switches or, in the case
of gene-species reconciliation, lateral gene transfer)
[14], and it would be of interest to see whether geo-
metric medians can also be derived for these mod-
els. This could be useful since such models can
generate multiple optimal solutions [7]. However,
it could also be quite complicated as in our proofs
we heavily relied on properties of the median of a
set of points in the real line, and for the more com-
plex reconciliation models it is not clear that such
arguments can be applied.
Finally, in general the geometric median can be
regarded as a consensus for a set of reconciliations.
It would be interesting to ﬁnd other methods for
deﬁning a consensus reconciliation and to under-
stand how these are related to the geometric median
(e.g. we could try to deﬁne a centroid reconciliation
for a set which, roughly speaking, would correspond
to the center of mass for the set).
7. Appendix: Proof of Theorem 1
The theorem immediately follows from the last
of the following sequence of observations.
(Up) If ψ ∈ R(P,H, φ) and w ∈ V o(P ) with
ψ(w) = ρH and ψ(w) = ψ(par(w)) if w = ρP , then
ψupw ∈ R(P,H, φ).
Proof. This follows immediately, since if v ∈
V (P ) − ({par(w)} ∪ Ch(w)) then ψupw (v) = ψ(v).
If v ∈ Ch(w), then
ψupw (w) = par(ψ(w))  ψ(w)  ψ(v) = ψupw (v)
and if v = par(w) then ψupw (v) = ψ(v) =
ψ(par(w))  par(ψ(w)) = ψupw (w).
(Down) If ψ ∈ R(P,H, φ) and w ∈ V o(P ) with
ψ(w)  m(w) and ψ(w) = ψ(v′) for all v′ ∈ Ch(w),
then ψdownw ∈ R(P,H, φ).
Proof. Since ψ(w) = m(w), it follows that
ψdownw (w) ∈ A(w). Moreover, since ψ(w) = ψ(v′)
for all v′ ∈ Ch(w) and, by (R0), A(v) ⊆ A(v′)
holds for all such v′, we have ψdownw (w)  ψ(v′) =
ψdownw (v
′), for all v′ ∈ Ch(w). Since ψdownw (x) =
ψ(x) = φ(x) holds for all x ∈ L(P ), it follows that
ψdownw ∈ R(P,H, φ).
(E) Given ψ, ψ′ ∈ R(P,H, φ) distinct, there ex-
ists a sequence (w1, t1), (w2, t2), . . . , (wp, tp) with
wi ∈ V o(P ) and ti ∈ {up, down}, for all 1 ≤ i ≤
p = dpath(ψ, ψ
′), such that ψ′ is the map obtained
by successively applying up/down operations ac-
cording to the pairs (wi, ti), 1 ≤ i ≤ p, starting
with the map ψ. Moreover, no shorter sequence of
operations exists for transforming ψ into ψ′.
Proof. By the assumption on ψ and ψ′ and (R3),
we may assume without loss of generality that there
exists some w ∈ V o(P ) such that ψ′(w)  ψ(w).
Then either ψ′(w) = ρH or we may assume with-
out loss of generality that w is such that, for all
w′ ∈ V (P ) strictly above w, we have that ψ(w′) =
ψ′(w′). Hence, ψ(w) = ψ(par(w)). Starting with
the map ψ, it is straightforward to check using
(Up) that in either case we can apply a sequence of
dH(ψ(w), ψ
′(w)) operations of the form (w, up) to
obtain a new map ψ′′ ∈ R(P,H, φ) with ψ′′(w) =
ψ′(w) and ψ′′(v) = ψ(v) if v ∈ V (P ) − {w}. If
there still exist vertices w′ ∈ V (P )−{w} such that
ψ′(w′)  ψ(w′), then we repeat this process until
we obtain a map ψ∗ ∈ R(P,H, φ) with the property
that ψ∗(v)  ψ′(v) holds for all v ∈ V (P ).
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If ψ∗ = ψ′, then Property (E) follows. As-
sume that ψ∗ = ψ′. Then there must exist some
v ∈ V (P ) such that ψ∗(v)  ψ′(v). Out of all those
v ∈ V (P ) with ψ∗(v)  ψ′(v), choose a vertex w
such that dP (w, ρP ) is maximal. We can then trans-
form ψ∗ into a new map inR(P,H, φ) by using a se-
quence of operations of the form (w, down). To see
this, note ﬁrst that ψ∗(w)  ψ′(w)  m(w). Next,
note that there cannot exist some v′ ∈ Ch(w) such
that ψ∗(v′) = ψ∗(w) as otherwise the choice of w
implies ψ∗(w) = ψ∗(v′) = ψ′(v′)  ψ′(w) ≺ ψ∗(w)
which is impossible. Since ψ∗ ∈ R(P,H, φ), it fol-
lows by (Down) that (ψ∗)downw ∈ R(P,H, φ). If
we repeat this process dH(ψ
∗(w), ψ′(w)) times, we
eventually obtain a map that agrees with ψ′ on w
and is equal to ψ∗(v) for all v ∈ V (P ) − {w}. Re-
peating this process as many times as necessary, we
eventually obtain the map ψ′.
To obtain ψ′ from ψ, we used dpath(ψ, ψ′) op-
erations. Moreover, we clearly need at least this
number of operations.
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